This model investigates the instantaneous multi-product economic order quantity model by allocating the percentage of units lost due to deterioration in an on-hand inventory with promotional investment and functional major ordering cost. The objective is to maximize the net profit so as to determine the order quantity, publicity effort factor, the cycle length and number of units lost due to deterioration. Methods: The mathematical model with algorithm is developed to find some important characteristics for the concavity of the net profit function. Numerical examples are provided to illustrate the results of proposed model which benefits the retailer for ordering the deteriorating items. Finally, sensitivity analysis of the net profit for the major inventory parameters is also carried out.
INTRODUCTION
Most of the literature on inventory control and production planning has dealt with the assumption that the demand for a product will continue infinitely in the future either in a deterministic or in a stochastic fashion. This assumption does not always hold true. Inventory management plays a crucial role in businesses since it can help retail companies reach the goal of ensuring prompt delivery, avoiding shortages, helping sales at competitive prices and so forth. The mathematical modelling of real-world inventory problems necessitates the simplification of assumptions to make the mathematics flexible. However, excessive simplification of assumptions results in mathematical models that do not represent the inventory situation to be analyzed.
Many models have been proposed to deal with a variety of inventory problems. The classical analysis of inventory control considers three costs for holding inventories. These costs are the procurement cost, carrying cost and shortage cost. The classical analysis builds a model of an inventory system and calculates the EOQ which minimize these three costs so that their sum is satisfying minimization criterion. One of the unrealistic assumptions is that items stocked preserve their physical characteristics during their stay in inventory. Items in stock are subject to many possible risks, e.g. damage, spoilage, dryness; vaporization etc., those results decrease of usefulness of the original one and a cost is incurred to account for such risks.
The EOQ inventory control model was introduced in the earliest decades of this century and is still widely accepted by many industries as well as retail industry also. In previous deterministic inventory models, many are developed under the assumption that demand is either constant or stock dependent for deteriorated items. Jain and Silver [1994] developed a stochastic dynamic programming model presented for determining the optimal ordering policy for a perishable or potentially obsolete product so as to satisfy known timevarying demand over a specified planning horizon. They assumed a random lifetime perishability, where, at the end of each discrete period, the total remaining inventory either becomes worthless or remains usable for at least the next period. Mishra [2012] explored the inventory model for time dependent holding cost and deterioration with salvage value where shortages are allowed. Gupta and Gerchak [1995] examined the simultaneous selection product durability and order quantity for items that deteriorate over time. Their choice of product durability is modelled as the values of a single design parameter that effects the distribution of the time-to-onset of deterioration (TOD) and analyzed two scenarios; the first considers TOD as a constant and the store manager may choose an appropriate value, while the second assumes that TOD is a random variable [Tabatabaei, Sadjadi, Makui, 2017] . Goyal and Gunasekaran [1995] considered the effect of different marketing policies, e.g. the price per unit product and the advertisement frequency on the demand of a perishable item. Bose, Goswami and Chaudhuri [1995] considered an economic order quantity (EOQ) inventory model for deteriorating goods developed with a linear, positive trend in demand allowing inventory shortages and backlogging [Sana, 2015] . Bose, Goswami and Chaudhuri [1995] and Hariga [1996] investigated the effects of inflation and the time-value of money with the assumption of two inflation rates rather than one, i.e. the internal (company) inflation rate and the external (general economy) inflation rate. Hariga [1994] argued that the analysis of Bose, Goswami and Chaudhuri [1995] contained mathematical errors for which he proposed the correct theory for the problem supplied with numerical examples. Padmanabhan and Vrat [1995] presented an EOQ inventory model for perishable items with a stock dependent selling rate. They assumed that the selling rate is a function of the current inventory level and the rate of deterioration is taken to be constant. A nonlinear profit-maximization entropic order quantity model for deteriorating items with stock dependent demand rate is explained.
The most recent work found in the literature is that of Hariga [1995] who extended his earlier work by assuming a timevarying demand over a finite planning horizon. Pattnaik [2011] assumes instant deterioration of perishable items with constant demand where discounts are allowed. Salameh, Jabar and Nouehed [1999] studied an EOQ inventory model in which it assumes that the percentage of on-hand inventory wasted due to deterioration is a key feature of the inventory conditions which govern the item stocked. Roy and Maiti [1997] presented fuzzy EOQ model with demand dependent unit cost under limited storage capacity. Tsao and Sheen [2008] explored dynamic pricing, promotion and replenishment policies for a deteriorating item under permissible delay in payment. In the real world, procurement and inventory control are truly large scale problems, often involving more than hundreds of items. In a multi-item distribution channel, considerable savings can be realized during the replenishment by coordinating the ordering of several different items. Multi-item replenishment strategies are already widely applied in the real world. In these industries, a supplier normally produces different products for a single customer and ships to the customer simultaneously in a single truck.
In the grocery supply industry or a fast moving consumer goods industry different types of refrigerated goods (General Mills yogurt, Derived Milk products etc.) can be shipped in the same truck to the same supermarket or retail store Hammer [2001] , Tsao and Sheen [2012] and others have developed models and algorithms for solving multi-item replenishment problems for different constraints. Karimi et al. [2015] introduced closed loop production systems to economic improvement, deliver goods to customers with the best quality, decrease in the return rate of expired material and decrease environmental pollution and energy usage. In this study, they solved a multi-product, multiperiod closed loop supply chain network in Kalleh dairy company, considering the return rate under uncertainty. The objective of this study is to develop a supply chain model including raw material suppliers, manufacturers, distributors and a recycle center for returned products. Ghorabaee et al. [2017] developed an Integration of reverse logistics processes into supply chain network design which can help to achieve a network for multiproduct, multi-period. The framework of the proposed approach includes green supplier evaluation and a mathematical model in an uncertain environment. Because multi-echelon coordination is frequently applied in current business practice, it is an essential component in inventory model for retailer's perspective. Hence the multi-product EOQ model is the focus of the present study.
The objective of this model is to determine optimal replenishment quantities in an instantaneous profit maximization multiproduct model with publicity effort, functional major ordering cost and units lost due to deterioration.
The above mentioned inventory literatures with deterioration and percentage of on-hand inventory due to deterioration have the basic assumption that the retailer owns a storage room with optimal order quantity. In recent years, companies have started to recognize that a trade-off exists between product varieties in terms of quality of the product for running in the market smoothly. In the absence of a proper quantitative model to measure the effect of product quality of the product, these retail companies have mainly relied on qualitative judgment. This multi-product model postulates that measuring the behaviour of the production systems may be achievable by incorporating the idea of retailer in making optimum decision on replenishment with wasting the percentage of on-hand inventory due to deterioration with functional major ordering cost. Then comparative analysis of the optimal results with none wasting percentage of on-hand inventory with publicity effort cost due to deterioration traditional model is incorporated. The major assumptions used in the above research articles are summarized in Table 1 . The remainder of the model is organized as follows. In Section 2 assumptions and notations are provided for the development of the model. The mathematical formulation is developed in Section 3. Algorithm through steps is outlined in Section 4 to obtain the best solution for the multi-product model. The solution procedure is given in Section 5. In Section 6, numerical example is presented to illustrate the development of the model. The sensitivity analysis is carried out in Section 7 to observe the changes in the optimal solution. Finally Section 8 deals with the summary and the concluding remarks. Pattnaik M., Gahan P., 2018. Impact of Publicity Effort and Variable Ordering Cost in Multi-product Order Quantity Model of Units Lost Sales due to Deterioration. LogForum 14 (3), 407-424. http://dx.doi.org/10.17270/J.LOG.2018.291 
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ASSUMPTIONS AND NOTATIONS
can be re-written as:
reduces to:
It is a differential equation, solution is (t ; ) =
Where q ; is the order quantity which is instantaneously replenished at the beginning of each cycle of length t E; units of time. The stock is replenished by q ; units each time these units are totally depleted as a result of outside demand and deterioration. The cycle length of item , t E; is determined by first substituting t E; into equation ( ) and then setting it equal to zero to get the cycle length: t E = ∑ t E; The total cost per cycle is QR(q ; , ) which is the sum of the major ordering cost per order, minor ordering cost per order, the holding cost, purchasing cost and publicity effort cost per cycle respectively. HC(q ; , ) is obtained from equation (t ; ) as: The total cost per unit of time, QRt( , ), is given by dividing equation QR( , ) by t E to give: The average profit π( , ) per unit time is obtained by dividing tc in ) ( , ). The total profit per cycle is ) ( , ).
where, J is the number of units lost per cycle due to deterioration.
As ! is not approaching to zero in equation QRt( , ) the average profit π( , ) per unit time is obtained by dividing tc in ) ( , ). The total profit per cycle is ) ( , ). Hence the profit maximization problem is:
∀ ≥ 0 (N2 ≥ 0 og = 1,2,3 … . .
ALGORITHM
Step 1: Set numerical values for the inventory parameters.
Step 2: Set Find out the appropriate scenario and for that obtain multi-product profit per cycle.
Step 3: Check sufficiency condition graphically.
OPTIMIZATION
The optimal ordering quantity and publicity effort per cycle can be determined by differentiating equation ) ( , ) with respect to and separately, setting these to zero.
In order to show the uniqueness of the solution in, it is sufficient to show that the net profit function throughout the cycle is jointly concave in terms of ordering quantity and promotional effort factor . The second partial derivates of equation ) ( , )with respect to and are strictly negative and the determinant of Hessian matrix is positive. Considering the following propositions: Proposition 1. The net profit ) ( , ) per cycle is concave in .
Conditions for optimal is:
The second order partial derivative of the net profit per cycle with respect to can be expressed as:
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is strictly negative.
Proposition 2. The net profit ) ( , ) per cycle is concave in .
The second order partial derivative of the net profit per cycle with respect to is The net profit per unit time we have the following maximization problem.
Maximize ) ( , )
Subject to
The objective is to determine the optimal values of and to maximize the net profit function. It is very difficult to derive the optimal values of and , hence unit profit function. There are several methods to cope with constraints optimization problem numerically. But here Lingo 13.0 software is used to derive the optimal values of the decision variables.
NUMERICAL EXAMPLE
We consider ten different items that need to be replenished jointly, namely items 1-10. The model is illustrated through the numerical example where the numerical data is given in Table 2 . Fig. 1 represents the relationship between the order quantity and fuctional major ordering cost MAOC. Fig. 2 shows the relationship between the order quantity and units lost per cycle due to deterioration J , Fig.  3 to Fig. 12 represent the three dimensional mesh plot of order quantity , publicity effort factor and net profit per cycle ) . These figures show concavity of the net profit function per cycle. The optimal solution that maximizes ) ( , ), * , * * , * , J * , MAOC and PEC are determined by using Lingo 13.0 version software and the results are tabulated in Table 3 . Comparative analysis of a multi-product model with and without publicity effort cost and for fixed major ordering cost with the present multi-product model is shown in Table  3 . It is observed that the multi-product net profit per cycle of the present model is 6.44% and 1.88% more than that of the multi-product model with publicity and fixed major ordering cost and the other multi-product model without publicity policy and fixed major ordering cost respectively. So, considerable savings can be realized during the replenishment by the ordering of several different multi-items with implication of publicity policy with functional ordering cost. So, multi-product retailers' publicity and ordering multi-product strategies Pattnaik M., 
SENSITIVITY ANALYSIS
It is interesting to investigate the influence of the major inventory parameters, , , ℎ , , ( , ", ' , , (N2 ! on retailers' perspective multi-product order quantity model. The computational results shown in Table 5 indicate the following managerial phenomena:
• , = 1,2, … 10 order quantities, the cycle length, L total units lost due to deterioration and the publicity effort factor are highly sensitive, MAOC functional major ordering cost is sensitive, PEC publicity effort cost per cycle is highly sensitive, ) the net profit per cycle and ) the average profit per cycle are highly sensitive to the parameter selling price for item i.
• , = 1,2, … 10 order quantities are sensitive, the cycle length is insensitive L total units lost due to deterioration is sensitive, the publicity effort factor are insensitive, MAOC functional major ordering cost is moderately sensitive, PEC publicity effort cost per cycle is insensitive, ) the net profit per cycle and ) the average profit per cycle are sensitive to the parameter the consumption rate for item i.
• , = 1,2, … 10 order quantities and the cycle length, L total units lost due to deterioration is sensitive, the publicity effort factor are insensitive, MAOC functional major ordering cost, PEC publicity effort cost per cycle and ) the net profit per cycle are sensitive and ) the average profit per cycle is moderately sensitive to the parameter ℎ holding cost of item i per unit per unit of time.
• , = 1,2, … 10 order quantities, the cycle length, L total units lost due to deterioration, the publicity effort factor, MAOC functional major ordering cost, PEC publicity effort cost per cycle, ) the net profit per cycle and ) the average profit per cycle are sensitive to the parameter purchasing cost for item i.
• , = 1,2, … 10 order quantities are insensitive, the cycle length, L total units lost due to deterioration, the publicity effort factor, MAOC functional major ordering cost, PEC publicity effort cost per cycle are insensitive, ) the net profit per cycle and ) the average profit per cycle is moderately sensitive to the parameter ( minor ordering cost of item i.
• , = 1,2, … 10 order quantities, the cycle length, L total units lost due to deterioration, the publicity effort factor are insensitive, MAOC functional major ordering cost is highly sensitive, PEC publicity effort cost per cycle is insensitive, ) the net profit per cycleand ) the average profit per cycle are moderately sensitive to the parameter A major ordering cost per order.
• , = 1,2, … 10 order quantities and the cycle length are insensitive, L total units lost due to deterioration is moderately sensitive, the publicity effort factor is insensitive, MAOC functional major ordering cost is highly sensitive, PEC publicity effort cost per cycle is insensitive, ) the net profit per cycle and ) the average profit per cycle is moderately sensitive to the parameter ' of the publicity effort cost per cycle.
• , = 1,2, … 10 order quantities are sensitive, the cycle length, L total units lost due to deterioration, the publicity effort factor are insensitive, MAOC functional major ordering cost is moderately sensitive, PEC publicity effort cost per cycle is highly sensitive, ) the net profit per cycle and ) the average profit per cycle are moderately sensitive to the parameter of the publicity effort cost per cycle.
• , = 1,2, … 10 order quantities are highly sensitive, the cycle length is insensitive, L total units lost due to deterioration is highly sensitive, the publicity effort factor, MAOC functional major ordering cost, PEC publicity effort cost per cycle, ) the net profit per cycle and ) the average profit per cycle are highly sensitive to the parameter of the publicity effort cost per cycle.
• , = 1,2, … 10 order quantities are sensitive, the cycle length, L total units Pattnaik M., Gahan P., 2018. Impact of Publicity Effort and Variable Ordering Cost in Multi-product Order Quantity Model of Units Lost Sales due to Deterioration. LogForum 14 (3), 407-424. http://dx.doi.org/10.17270/J.LOG.2018.291 418 lost due to deterioration are sensitive, the publicity effort factor are insensitive, MAOC functional major ordering cost and PEC publicity effort cost per cycle are sensitive, ) the net profit per cycle is highly sensitive and ) the average profit per cycle is moderately sensitive to the parameter ! of the percentage of units lost due to deterioration. Fig. 13 is about net profit per cycle variations with respect to inventory parameters. The profit increases slightly with increase in per unit selling price, consumption rate and one parameter of publicity effort cost and then decreasing and the profit increases slightly with increase in consumption rate. The profit decreases with increase in holding cost per unit per unit time, purchasing cost per unit for item i and the profit decreases slightly with increase in one parameter of publicity effort cost, minor ordering cost, parameter of functional major ordering cost, MAOC and percentage of units lost due to deterioration respectively. This suggests that the retailer should work on the holding cost per unit per unit of time, purchasing cost per unit, minor ordering cost, parameters of publicity cost function, functional major ordering cost and percentage of units lost due to deterioration for item i. The retailer should put large order with implementing publicity strategy and implementation of appropriate preservation technology to save in ordering cost and wastage cost as a result profit of retailers can be increased significantly. 495,7850697 ,6604.34,5711.394 ,5036.643,4607.34 9,4245.226,3821.7 27,3366.939,3138 
CONCLUSION
Recently, research on sales promotions has shed much light on the effects of price promotions. Publicity effort factor plays a significant role in framing the publicity effort cost. In this model, it is analyzed that the effect of publicity effort cost for a modified multiproduct EOQ model with a percentage of the on-hand inventory lost due to deterioration and functional major ordering cost as characteristic features and the inventory conditions govern the item stocked. This model provides a useful property for finding the optimal profit and ordering quantity with deteriorated units of lost sales. A new mathematical model with algorithm is developed and compared to the traditional EOQ model numerically. Finally, wasting the percentage of on-hand inventory due to deterioration effect was demonstrated numerically to have an adverse effect on the average profit per unit per cycle. Hence the utilization of units lost due to deterioration and publicity effort cost makes the scope of the applications broader. Further, a numerical example is presented to illustrate the theoretical results, and some observations are obtained from sensitivity analyses with respect to the major inventory parameters. The model in this study is a general framework that considers wasting/ none wasting the percentage of on-hand multi-product inventory due to deterioration with publicity effort cost and functional major ordering cost simultaneously. To the best of its knowledge, this is the model that investigates the impact of publicity, units lost due to deterioration and functional major ordering cost simultaneously with retailer's perspective.
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